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Abstract-Reissner's theory for the bending of anisotropic. homogeneous plates and plane stress
theory are used to construct improved three-dimensional displacement and stress fields. Under
specific "regular" boundary conditions on the edge surface. these fields differ from the exact elasticity
solutions by tenns of the order of the plate thickness cubed.

I. INTRODUCTION

Being two-dimensional as they are plate theories provide only approximations to the
solutions of three-dimensional elasticity. An efficient method for evaluating the error
involved in a global, mean square sense rests on the hypersphere theorem of Prager and
Synge (1947), see Synge (1957). The theorem assumes the knowledge of statically and
kinematically admissible solutions and bounds the error in terms of their difference.
Nordgren (1971) applied this method to Kirchhoff's classical plate theory finding a relative
error proportional to the plate thickness, O(h). Simmonds (1971) and Nordgren (1972)
were able to reduce the error to O(h 2

) by constructing a displacement field incorporating
transverse shear deformation. Corresponding O(h) and O(h 2

) error bounds for classical
shell theory were obtained by Koiter (1970), Danielson (197 I) and Ladeveze (1976).

Nordgren's analysis of Reissner's (1945) plate theory resulted in an O(h 2) error
estimate, implying that this higher-order theory offers no essential improvement over the
classical theory. Berdichevskii (1973) found that in the absence of surface distributed loads
Reissner's theory may bear a smaller error O(h 3

). An improved error bound for Reissner's
theory as applied to anisotropic plates with high transverse shear deformability was arrived
at (Rychtcr, 1986). In the latter two estimates self-equilibrating surface parallel stresses
were found essential, their importance being recognized in a ditTerent context by Reissner
himself ( 1975, 1985) and by Rehficld and Valisetty (1984).

This report aims at extending the validity of O(h 3
) error estimates in Reissner's theory

to general homogeneous, anisotropic plates with midsurface elastic symmetry, carrying
nrbitrarily distributed face lateral loading. This necessitates in the first place that full
Reissner's theory be used with the effect of transverse normal stress explicitly included in
the moment constitutive equations, as opposed to Nordgren (1972), Berdichevskii (1973)
and Rychter (1986). Secondly, at this level ofaccuracy stretching of the plate resulting from
Poisson's effect cannot be ignored, so that Reissner's sixth-order bending field equations
must be considered along with fourth-order equations responsible for stretching. From
these two sets of two-dimensional equations improved three-dimensional displacement and
stress fields are constructed the relative mean square errors of which with respect to
the exact solutions are of O(h 3

). This is achieved by taking the in-plane and transverse
displacement components as third- and fourth-degree polynomials in the thickness coor
dinate.

Like earlier works employing the hypersphere theorem the improved error estimate is
by necessity restricted to "regular", in Koiter's (1970) terminology, boundary conditions
on the cylindrical edge surface. They demand that the edge data should be distributed
in conformity with the constructed three-dimensional displacement and stress fields, a
requirement hardly ever met in practice. The effect of irregular boundary conditions along
the lines of Koiter (1970) is discussed below.
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.., FORMULATION OF THE PROBLEM

Plates of constant thickness 2h are studied, subjected to distributed transverse loading
p(xx) applied to the upper face X.1 = h where Xx (:x = I, 2) and X.1 are in-plane Cartesian
coordinates and distance from the middle plane X.1 = O. The true state of stress and dis
placement in the plate will be approximated by means of statically admissible stresses ti,
kinematically admissible stresses ti and kinematically admissible displacements u.

By definition. the statically admissible stresses ti must conform to the traction boundary
conditions at the faces

(I)

(2)

(3)

and should fulfil the equilibrium equations. with no body forces

iix.'.x +ii.1.1.J = ()

(4)

(5)

the comm,ls denoting partial differentiation with respect to Xx and x\ and repeated indices
implying summution over the runge I. 2.

The kincmuticully admissible fields uund ti urc required to sutisfy constitutive equations
of the form

(6)

(7)

(8)

where

(9)

( 10)

Here the material has been taken to be homogeneous. linearly elastic and anisotropic with
midplune elastic symmetry. The B are the components of the elasticity tensor, Dx/v.q and Cx/l

being introduced for notational convenience.
It is well known that by minimizing the distance ti -ti between the statically and

kinematically admissible solutions one approaches the exact solution. One intends to show
that starting from Reissner's theory in conjunction with plane stress theory fields ti and ti
can be found such that ti - ti is of 0(11.1) relative to ti.

3. TWO·DIMENSIONAL PLATE THEORY

The kinematic variables of Reissner's theory include an average lateral displacement
II' and rotations hx • defined as
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The corresponding static variables are moments Af.fI and transverse shear forces O.

The equilibrium equations in terms of II,f.'1 and O. are

539

(11)

(12)

(13)

(14)

Af.f/.f/ = 0,. Q,.• = -I'

and the constitutive equutions have the form

The accompanying boundary conditions prescrihe

M.,lflf/ or h. und Q.fl. or II" on C

(15.16)

(17)

( 18)

( 19)

where C is the edge of the plate with unit normuill•.
At the level of accuracy one wishes to uchieve it is neceSS,try to introduce vuriables

corresponding to plate stretching in addition to those of bending. These encompuss in
plane average displacements t·•• dclined as

(20)

and in-pbtne stress resultants N.'I

(21)

The associated equilibrium equations ure

(22)

and the constitutive equations read

(23)

The boundary conditions to be used in conjunction with these equations require the speci
fication of
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(14)

The sixth-order bending problem. eqns (15)~(19). and the fourth-order stretching
problem. eqns (11)-(14). are not coupled. For compactness they have been recorded as
given a priori two-dimensional equations but in reality they can be derived by constructing
close to each other three-dimensional fields ti and a. The derivation is detailed in the next
section.

4. THREE-DIMENSIONAL FIELDS

It will be shown that the requirements are met by the following kinematically admissible
displacement field u:

(15)

Ii, = 11"+=.1'+ to(5=~ - 1)9+ h=' -=)/+ 10 (5=~ -6=~ + H)r

- (=~ - 6=~ - 8= + )-3)111'; 168nn (26)

where == x\,II. k1 • /~ • .1'.9. 1and r are functions of the surface coordinates X/I given in terms
of the basic kinematic variables 1"" II" and h, as

(27)

(28)

k =1

II
- 2,\"~'

. II 511
J, = - 69.1-12 (h, + 11".1). (29)

Introducing eqns (25) and (26) into the constitutivc equations. cqns (6)-(8), and using
cqns (18) and (27) -(29) yields thc corrcsponding kincmatically admissible strcss liekl a

a,{1 = ~D'II;~[I";.~ + L"~) + =1I(h;..~ + h.,.J + (=1 -I) (k; .•, +k.,.J

+ (= \ - ~=) U: ../+ J;,.Jl + 1(2 + 3= - =3)Cl/IP (30)

The statically admissible stress field ti needed is

+ ~D'II;~[(=1 -I) (k; .•, +k.,.J + (=' - ~=) U~.~ +/.,.Jl (33)
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;; -1('+3- _»p+lzc(_~ ,_c+I)D (k +k )
v » - ~ - - - - 24 - - -- 'ff;'~ i··~ff' ~';'ff,
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(34)

From eqns (30)-(35) with eqns (17) and (23) the difference a- 6 is found to have the
components

if ,/1 - 6,/1 = 0

;; ,; - 1z(_.1 -)D (k- +k' ) 1(_.1 -)8 I
V'1 -v,) - - 6 - -- ,'Ii~ i,~'1 ~,;"I -) - -- ,.li.) ,.

(36)

It is evident that the three dimensionallields U. ti .Illd a<Ire constructed from the two
dimensional vari<lbles 1',. U'. h,. N"" M,/I <lnd Q, of th~ plHte theory introduced in Section
3; in par\icular. u<lnd a reduce to identitics rel<ltions (II )-( 14). (20) and (21) defining
those v<lri<lbles. The fields uand ti an: interrelated through the constitutive equations. eqns
(6)·(S). <lnd are, therefore. kinematically admissible. Th~ field asatisfies traction boundary
conditions (I )(3) <It the faces .lIld with eqns (15) and (16) is seen to meet the equilibrium
equations. eqns (4) <lnd (5). thus being statically 'ldmissible. Fin<llly, ti is very dose to ti
but this will be shown later.

The individu<ll components of U. ti and aarc derived along with the two-dimensional
plate theory equations of Section 3 as follows, First. a guess is made as to the form of the
displaccment udistribution. guided by previous work on the subject of refined plate theories.
no1ably the one due to Rehlield and Valisetty (1984). The assumed field in eqns (25) and
(26) accordingly incorporates the effects of both bending and stretching. yields non-lero
transverse she<lr and normal strains. produces non-linearly distributed surl~lce parallel
strains. and by eqns (27) and (28) gives via the constitutive equation. eqn (8), the normal
stress tilJ in eqn (32). this well-known distribution being in agreement with traction bound
.Iry conditions (2) and (3) on the faces. Also. the form of uconforms to definitions (II).
(12) and (20) of \I'. h, and 1'. which quantities arc chosen to be the basic kinematic variables
of two-dimensional plate theory.

Introducing eqns (25). (26) and (32) into the constitutive equation. eqn (6). gives 6'/1
in eqn (30). Since. in general. ti is required to be close to Ii. one takes a'ff = a,/, so that eqn
(36) holds. Now substituting a./1 from eqn (30) into eqns (13) and (21) yields after integration
over the thickness the constitutive equations. eqns (17) and (23). for the moments M'/l and
forces N,/" These expressions. in turn. make it possible to rewrite a'/l as in eqn (33).

Having eqn (33). the equilibrium equation. eqn (4). may be integrated with respect to
X.1 in conjunction with traction boundary conditions (I) to find a distribution of a,). This
meets conditions (I) when the in-plane equations of equilibrium (22) are imposed.
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Introducing ad into eqn (I·n gives. in addition. the moment equilibrium equation. eqn
(15). with which ( 1 ) finally assumes the fonn ofeqn (Jol).

Inserting eqn (34) into eqn (5). one may integrate this latter equilibrium equation with
respect to x J subject to boundary conditions (2) and (3) at the faces in order to get a
distribution of a),. This distribution will meet boundary condition (3) provided that the
transverse force equilibrium equation. eqn (16). holds. and with eqn (16) a)) may be
expressed as in eqn (35).

Lastly. in order to find a1 ). expressions (25) and (26) are substituted into the consti
tutive equation. eqn (7). Since a1 ) ought to be close to ( 1 ) in eqn (34). relations (29) are
adopted for k. and j~ along with the constitutive equation. eqn (18). for the shear forces
Ql' so that a.) in eqn (31) results. and the derivution is complete.

Prepuratory to error analysis. it is expedient to have aand a- aexpressed through the
displacements l'l and rotutions hI only. Using eqn (18) and the relation

(39)

where AI),) is the inverse of 8,'q) and ()'I; stands for the Kronecker delta. j~ in eqn (29h
can he brought into the form

. II
./1 = - (; H., - A,,'x,Q.,.

From eqlls (15)(17) it follows that

(40)

(41 )

{42}

Now from eqns (27): and (2X)1 and (40) (42) those variables entering aand a-a that art:
cxpn;ssihle through rotations II, havc the following estimates:

(43)

wherein for the present purpose only IHkpendencc has heen explicitly cxposed. Simihlrly.
thesc contributions to aand a- awhil.:h arc fundions of the in-planc displacemcnts 1'1' by
eqns (27) I. (28) 1 and (29) / may be estimated as

Usc of eqns (43) and (44) in eqns (30) (32) and (36)-(38) leads to the conclusion that

a-a = O(II 'a)

(44)

(45)

when; a-a and <i tire understood to he represented by their largest components a,)-ci,J
and a"" respectively. and expressed in terms of /', and h,.

5. MEAN SQUARE ERROR ESTIMATE

The stresses aand acan be regarded as clements of function space endowed with the
norm

(46)
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where F is the midplane region and A denotes elements inverse to the components of the
elasticity tensor B. Obviously, the above energy functional is assumed positive definite to
serve as a norm.

If (I, aand 0' represent the exact, statically and kinematically admissible stress fields of
a given problem in elasticity, the hypersphere theorem due to Prager and Synge (1947)
asserts that

where

e = ! 110' -0'11/110'11·

(47)

(4S)

This implies that (I may be approximated by (a +0')/2, the corresponding relative mean
square error e being computable from eqn (48). The error decreases with a-ti and it was
for this reason that one aimed to minimize a-ti.

The local estimate, eqn (45), will preserve its character in terms of II when the stresses
a-ti and 0' are replaced by their norms calculated from eqn (46). Thus it follows from eqns
(45) and (48) that

(' = O(h'/L ') (49)

where L is a characteristic mean squarc wavelcngth of thc midplam: deformation pallern,
introduced to ensure that (. is a dimensionless quantity. Practically Lis calculaole knowing
the in-plane displacements I'. and rotations ". from the two-dimensional pklte theory. For
brevity, one dispenses with recording L explidtly.

The error estimate in eqn (49) signifies that the two-dimcnsional Reissner theory
combined with plane stress theory is capaole of providing the three-dimensional stress field
(a + ti)/2 which differs from the exact elasticity solution (1 oy terms of relative O(/t ').
This improves Nordgren's (1972) estimate involving an error of O(1t 2

) .tnd generali/cs
Berdichevskii's (1973) h' estimate restril:led to plates with load-free faces.

6. EFFECT OF EDGE CONDITIONS

Like its predecessors the improved error estimate, eqn (49), is not universally valid for
arbitrarily prescribed edge conditions on the cylindrical bounding surface, simply because
one constructed a and ti paying no attention to those conditions. The artificial edge data
conforming to lleJds a and Ii in eqns (25), (26) and (33)-(35) arc termed "regular", sec
Koiter (1970). Practically, one is sure to be confronted with irregular situations on thc edge
and their effect must be taken into account.

Suppose that the edge tr.lctions are irregular, so that the sum 0'+(1* must bc uscd
instead of ti alone to satisfy the true conditions, (1* being the corresponding edge-zone
correction. Replacing in eqn (48) a by ti+O'* and using the triangle inequality, one finds
that the error is now bounded by e+e*, e having its previous meaning, eqn (48), and
estimate (49), and e* denoting a supplement of the form 2e* = 110'* II/iitili. As Koiter (1970)
points out, ti extends over a distance of O(L) from the edge, while (1* may be restricted to
a narrow zone of width II ncar the boundary. Accordingly, from eqn (46), e* can be
evaluated

(50)

where 1(1*1 and ltil arc the absolute maximum values of 0'* and ti. Clearly, the order of the
term !O'*I/Itil will depend on the concrete form of the boundary conditions. Consider, as an
example, the free edge. The exact requirement that (I' n = 0, n being the unit normal to the
edge. is violated by the interior stress field a in eqns (33) and (34) because of the k".1~ and
p terms. In view of eqns (43) and (44), the edge correction 0'* corresponding to those terms
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will be of 0(11:) relative to,j and the error e* from irregular edge data will become by eqn
(50) proportional to II; :. a slightly greater value than that in eqn (49) for regular conditions.

It should be emphasized that our estimates of e and c* are global (based on integral
norm (~6)) and as such do not guarantee local closeness of our statically and kinematically
admissible solutions to the exact three-dimensional elasticity solutions. especially near the
edges of the plate. The largest local error is to be expected when the exact solution involves
stress singularities. as happens in plates with clamped edges.

7. CONCLUDI:"G REMARKS

This paper proves that Reissner's bending theory combined with the plane stress theory
is capable of predicting the three-dimensional behavior of homogeneous elastic plates within
a relative mean square error of 0(11') compared with elasticity solutions for arbitrarily
distributed surl~lce lateral loading. provided that there are regular boundary conditions on
the edge. In contrast to known results in the literature. this refined error estimate cor
responds to Reissner's theory in its general form which incorporates the transverse normal
stress elfect in constitutive equations.
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